Uniformisation, Schwarz's (Fuchsian) equation and a conjecture of Whittaker for the Burnside algebraic curve are discussed.
Introduction
There is only one example of an algebraic curve of genus g > 1
which has an explicit parametrization (x(τ ), y(τ )) in terms of known special functions. This uniformisation property was found by William S. Burnside in 1893 [3] . However, this result has been neglected for more than 100 years, has received little mention in papers, and did not get into any textbook, survey or monograph, even those devoted to uniformisation, automorphic forms, functions and other relevant material. On the other hand, explicit instances of automorphic functions would allow us to construct nice applications wherever algebraic functions and Riemann surfaces appear. Such topics include finite-gap integration, string theory, integrable dynamical (quantum and classical) systems and nonlinear pde's, second order linear ordinary differential equations of Fuchsian type, representations for roots of algebraic equations, etc.
In this note, we would like to draw attention to this remarkable example, the problem of uniformisation itself in classical statements, and to demonstrate the exact integrable associated Fuchsian equation with 6 singular points (sect. 2, 3) .Everywhere in the paper we use standard terminology of automorphic function theory and uniformisation [5] .
Let x(τ ) be a meromorphic (automorphic) function on a Riemann surface of the algebraic curve F (x, y) = 0 and τ is its local uniformising parameter. Then x(τ ) satisfies the following nonlinear autonomous differential equation of the third order [5] (we call it Schwarz's equation). 1 x 2 τ x, τ = Q(x, y), where
and Q(x, y) is a rational function of x, y. To determine its coefficients (so that monodromy group of the associated Fuchsian equation to be Fuchsian) is the celebrated problem of accessory parameters considered in the context of algebraic curves [11, § 5, 222-228] . After that, τ becomes a global uniformising parameter. At present, main ingredients of analytical discription of uniformising functions for the genus two and higher are almost absent. We mean 1) determining ODE (2) with found accessory parameters; 2) series expansions; 3) distribution of a-points of uniformising functions in a fundamental polygon; 4) abelian integrals as functions of global parameter τ ; 5) addition theorems for them and 6) connection with Jacobi inverse problem. Here, we try to make up some of these deficiences for the example (1). It should be emphasized here, that an available all of these attributes in the case of genus g = 1 provides a great efficiency of elliptic function theory and its numerous applications. Additionally, in sect. 3, a relation with a conjecture of Whittaker and analytical properties of functions we construct are discussed (sect. 4).
Uniformisation and Schwarz's equation for the Burnside curve
We will reproduce here a parametrisation of the curve (3) in an explicit form more suitable for our purpose. Let τ be a complex variable ℑτ = 0 and Weierstrass's σ, ζ, ℘, ℘ ′ -functions are taken with the half-periods (ω, ω ′ ) = (2, 2 τ ). For instance
Then Burnside's parametrisation takes the form
.
(3) Proposition 1. The Schwarz equation (2) and, therefore, the accessory parameters for the Burnside curve (1) have the form
The proof and calculations are not evident, because the ζ, ℘, ℘ ′ -functions are not closed under differentiation with respect to τ . In particular, we will require a closed system of differential equations satisfied by g 2,3 (ω, ω ′ ) and periods η, η ′ (ω, ω ′ ) of the meromorphic
The equations (5-7) with the rules of differentiation of the Weierstrass's functions (see Appendix) contain all the information required for the proof. Using the first formula in (3) we obtain the following useful expressions:
whereupon, three derivatives of the x(τ )-function take the form
The formula (4) is obtained after substitution of these derivatives into (2).
A Fuchsian equation and a conjecture of Whittaker
We have not space in this short note to cover a wide bibliography on the questions raised, and we restrict our consideration to the mention of a few names. We cannot resist mentioning briefly a forgotten conjecture of E. Whittaker [19] about pure algebraic (!) solutions of the transcendental problem of accessory parameters for Fuchsian groups of the first kind without parabolic edges [5] . Namely, from the words of J. M. Whittaker, he suggested that for hyperelliptic algebraic curves
the Q-function is given by the elegant formula
The conjecture has being checked for some curves in the 30-th by several of the authors mentioned above. Moreover, by considering an example of a hyperlemniscate algebraic curve 
to a hypergeometric equation and, in fact, explicitly demonstrated the first nontrivial example of integrability of equation (12) . Note that five finite singular points are essential in the context of uniformisation by Whittaker's approach. A further reduction to 4, 3, . . . points does not lead to algebraic curves of genus g higher than 1. Whittaker does not elucidate the nature of the conjecture (11), but no doubt, that idea (not formulated) goes back to H. Weber [15, formulas (10-16) ], although Weber (as well as Schottky) considered a conformal representation of multiconnected areas. To all appearances, hyperellipticity of the curves explains the "mystery" of their change of variables x → y and the substitution
and, as a result, the appearance of the hypergeometric equation
But such a "trick" is not a common property of hyperelliptic curves, so probably there exists a more sophisticated relation between equations (12) and (14) . Nevertheless, the question arises: "what about the curve (1) ?". An attempt to apply such an argument (including the substitution (13)) to the curve (1) was undertaken in [13] . But the conjecture does not fit our example, because the x(τ )-function is a function of the subgroup of index 24 of the modular group PSL 2 ( ), one of absolute invariant J(τ ):
Hence it does not realize a conformal representation upon the whole complex x-plane as in [18] and contains a parabolic element: x(τ + 4) = x(τ ). However, we make an observation that the Q-functions (11) and (4) differ from each other by only the numeric multiplier 4 3 . In this context, i.e. not taking into account this multiplier, all the accessory parameters a 1,2,3 in Whittaker's formulation (12) are equal to zero (see formula (4)) and Burnside's example (1) becomes the simplest known. Integrability of the Fuchsian equation associated with the curve (1)
immediately follows from the well-known property of the Schwarzian (2)
Thus, setting Ψ(x) = x τ , we arrive at Proposition 2. The general integral of the equation (16) is given by the formula
where A, B are arbitrary constants and the function τ (x) is determined by the inversion of the expression
The proof follows from the formula (10). The second Fuchsian equation with algebraic coefficients which are not reducible to rational is
and is integrable also. Its integral is given by the formula
Schwarz's equation, corresponding to the second function y(τ ), has the form (2) with the Q(x, y)-function defined by the right hand side of the expressions (17) . In the both Whittaker's example (12) and Burnside's one (16) , accessory parameters are equal to zero and group of the x(τ )-function is of genus g = 0 with invariant subgroup of genus g = 2 for the y(τ )-function. Factor group of PSL 2 ( ) modulo group of Burnside's x(τ )-function is the octohedral group [10, 3] of order 24 [1] . Taking into account a permutation of sheets y → −y, it becomes maximal automorphism group (order 48) for the curves of genus g = 2. Remark 1. An explicit connexion of the example under consideration with the modular group and hypergeometric equation (14) is given by the formula (15) . Indeed, the J(τ )-function satisfies the Fuchsian equation of hypergeometric type with the Q(J)-function (39) and therefore is defined as an inversion of a quotient of its two solutions. We do not display here numerous forms of such a representation (see for example Klein α , where α is a root of the equation
Note, that by construction, x(τ ) is a single-valued function independing of the chosen branch of root.
Analytical series for the x, y-functions
For the series expansion of the x(τ )-function in the vicinity of the pole at τ = 2, we cannot make use of expansions of the ℘-functions in (3) followed by series expansions of the holomorphic modular form (38). Indeed, ω 0 = 2 lies on the singularity line (real axis) of the functions g 2,3 (τ ). They are holomorphic functions in the vicinity of τ = i ∞, but this point is an essential singularity of the ℘(τ )-function and, moreover, the ℘-functions as functions of g 2,3 (τ ) are modular forms of formaly infinite weight. It is evident, for example, from another representation for the x(τ )-function:
The same complications occur for another branch-points of the curve (1), i.e. roots of the polynomial
We use the natural notation ω j for preimages of branch-points e j :
x(ω 0 ) = ∞, x(ω j ) = e j , e j = {0, ±1, ±i}.
The only possibility is to use Schwarz's equation satisfied by the x(τ )-function (4). In its turn, such an equation and the series representation depend on the type of point ω j . It can lie inside the fundamental circle or on its border. It seems helpful to define a meromorphic derivative
because it is the simplest differential combination of a meromorphic function on a curve which is also a meromorphic one. Some useful properties of the meromorphic derivative follow from properties of the Schwarzian:
. (18) Due to the identity X + A, ξ = X, ξ we can, without loss of generality, consider expansions like
Then
To determine the behaviour of a local parameter ξ = ξ(τ ) and, therefore, the type of point, we set x(τ ) = X(ξ). Let ω j be a zero or pole of the function x − e j , for example, the pole (19) . Using the properties (18), (20), an expansion of both sides of (4) produces
Balancing degrees with respect to ξ requires
Integrating this equation by series ξ = a + b τ + · · · shows that a, b = 0 and, moreover, the inverse function τ (ξ) is not meromorphic in ξ: an ansatz τ = ξ −k +· · · involves incompatibility with (21). Thus, without loss of generality, we omit all dots and obtain an expression for the local parameter (12) we would have n = ±2 and an equation for the local parameter in the form
so it is not necessity to change the global τ -parameter to the local ξ. This is not surprising, because preimages ω j of all branch-points e j lie inside the fundamental polygon [17, 18] and, as is well-known, they are Weierstrass's points, and the meromorphic function x − e j on the curve has a 2nd order pole and zeroes at the points ω j . Such a technique and the appearance of the equations (21), (23) can be considered as a simple criteria of parabolicity of edges in the context of Schwarz's equation and, moreover, explains the multiplier 4 3 mentioned above. Indeed, in the general case of Schwarz's equation after the substitution (22), i.e. the equation
with the Q-function
we obtain a restriction on q, because we look for meromorphic solutions (19) of equation (24), so that n has to be integer:
Q-function for any Fucshian equation with Fuchsian monodromy group will satisfy the relation (25).
we arrive at the parabolicity condition (21), else we arrive at (23).
For the Fuchsian groups without parabolic edges we obtain 1) q = − 3 8
(n = 2), hyperelliptic curves; 2) q = − 4 9 (n = 3), trigonal curves or curves when x-function has a 3-rd order pole/zero; etc.
The general solution of equation (24) is determined up to the linear substitution
and therefore is not a meromorphic function of ξ. Thus, the meromorphic single-value function x(τ ) on an algebraic curve in the framework of uniformisation by the Fuchsian group without elliptic elements should be treated as a solution of the equation (24) 
Substitution of (27) into (24) yields a series
The general solution x(τ ) of equation (4) 
The functions are holomorphic at all points in the upper half τ -plane. The field of meromorphic functions on the curve (1) is generated by the rational function R(x(τ ), y(τ )).
Remark 3. As equation (24) is a rational function of the quantities ξ, X, X ξ , X ξξ , X ξξξ , there exist recurrence relations for the coefficients of the canonical series. We do not write them here as they are rather cumbersome. A different method, which provides a good exercise, is to derive the series using the relation (15) between the x(τ ) and J(τ )-functions. A sketch is as follows: the point τ = 2 is congruent to the point τ = i ∞ in modulo of PSL 2 ( ) with generators
Therefore, using the well-known expansion of J(τ ) in degrees of e πiτ (or derivable by our proposed method from (39)), we can obtain, with the help of (15), the expansions of the x(τ )-function. A description of a-points, other "paradoxes" of the x, y-functions on the real axis and some exact identities of the type x(i) = 1 − √ 2 will be written up separately.
A few remarks
Some of our expressions or parts of them already have been given in the literature. For example s 8 − 14 s 4 + 1, which differs from our x 8 + 14 x 4 + 1 by a multiplier √ i , appears on many pages in [12] in different contexts. Formula (15) was obtained by Schwarz and Klein in relation to the groups of Platonic solids, without mention of the explicit uniformising character of the x(τ )-function. Slightly different (Legendre's) form of (15) appeared in other paper of Burnside [2, p. 176] . In fact, this involves, although in a hidden and more complicated form, our series representations (Remark 3) and an algebraic integrability of the Fuchsian equation (16) 
for the case of Fuchsian groups without elliptic edges. To avoid lengthing the reference list we do not touch on numerous intriguing applications enumerated at the begining of the paper, especially a description of moduli spaces of hyperelliptic curves in the context of Whittaker's conjecture. But one important topic is short enough to present here. Namely, with the help of the explicit uniformisation (3) we can obtain a new representation for the roots of the algebraic equation
Any fifth degree algebraic equation can be brought into this canonical form (G. Jerrard (1834), C. Hermite (1858)). At first, we solve a transcendental equation y(τ ) = √ a and designate the solutions by τ j . The y(τ )-function takes any of its value exactly 5 times in a fundamental polygon. Then the five quantities x(τ j ) are the solution of the problem.
Poincare showed how to construct an automorphic function in form of a ratio of two automorphic forms: analytical functions Θ(τ ) with a property:
where n is a weight of automorphic form Θ and (a, b, c, d) are substitutions of a group. Although ℘-forms in (3) formaly have infinite weight (as Laurent's series with polynomial coefficients in g 2,3 ), Burnside's example does not contradict this, because we have the following statement.
Proposition 4.
The function x(τ ) is a ratio of two modular forms of weight n = 2 :
Proof : A derivative of any automorphic function is an automorphic form of weight n = 2. Therefore, from (10), we have that ℘ 1 is a form of weight n = 2. From (8) we have the same for ℘ 2 and, from (3), for ℘ τ . More explicitly, this is seen from the formulas for the modular invariants (9) and using the fact that functions g 2,3 (τ ) are the modular forms of weight 4 and 6 respectively.
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Appendix
We displayed here a few formulas for the Weierstrass functions σ, ζ, ℘, ℘ ′ and the modular forms g 2 , g 3 . Some of these we have not been able to find in the literature, despite consulting the treatises of Halphen, Tannery 
Let G(x|ω, ω ′ ) be an arbitrary two-periodic function. Then the functions
are two periodic functions in the periods of G (F. G. Frobenius, L. Stickelberger: Crelle Journ.
(1882), 311-337). We have the same for G(x; g 2 , g 3 )
Let F be an arbitrary function:
Taking ℘ for the G-function and eliminating x ℘ x and ζ ℘ x from the above formulas, one obtains two main identities:
From (30) and using Legendre's relation
where
one obtains reciprocal transformations between derivatives
Setting F (ω, ω ′ ) equal to g 2 (ω, ω ′ ) and g 3 (ω, ω ′ ) one obtains 
The coefficients C k satisfy differential-difference system of equations
Useful properties of the operator D are:
The equations (34) yield two versions of the recurrence: (k − 1) (2 k − 1) g 2 g 3 C k−2 .
